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Sulle distribuzioni predittive per successioni scambiabili relative ai
modelli Poisson-Kingman ampliati esponenzialmente.

Annalisa Cerquetti2

Istituto di Metodi Quantitativi,
Universit̀a Bocconi, Milano, e-mail: annalisa.cerquetti@unibocconi.it

Riassunto: Mostriamo che la successioni scambiabili guidate da una misura di proba-
bilit à aleatoria quasi certamente discreta, con atomi aleatori ordinati in senso decrescente
con distribuzione Poisson-Kingman derivata da un subordinatoreα-stabile ampliato espo-
nenzialmente, sono le uniche con successione delle predittive in forma Gibbs, nella classe
delle successioni scambiabili guidate da misure aleatorie normalizzate.
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It is well known that given a lawQ on the spaceP↓
1 of decreasing sequences of posi-

tive numbers with sum 1, and a lawH(·) on a Polish space(S,S), a random discrete
probability measure (RDPM)P onS may be defined byP (·) =

∑∞
i=1 PiδXi

(·), forXi iid
∼ H(·) and(Pi) ∼ Q. Pitman (2003) introduces a large class of RDPMs, termed Poisson-
Kingman models, deriving the lawQ by a random discrete distribution(Pi) = (Ji/T ),
whereJ1 ≥ J2 ≥ · · · ≥ 0 are the random lenghts of the ranked points of a Poisson pro-
cess with Ĺevy densityρ, andT =

∑
i Ji. The family of basic Poisson-Kingman models

is then enlarged tomixedmodelsPK(ρ, γ) :=
∫∞
0 PK(ρ|t)γ(dt), wherePK(ρ|t) is the

regular conditional distribution of(Pi) given(T = t) constructed above, andγ is a prob-
ability distribution on(0,∞). Pitman (see Section 4.2) also states that: abasicmodel
equivalent to amixedmodel existsif and only if the basic model is driven by theexpo-
nentially tiltedversion of the Ĺevy density of the mixed model, and the mixing density is
the corresponding tilted density. More formally:PK(ρ2) = PK(ρ1, γ) for someγ if and
only if ρ2(t) = ρ1(t) exp{−λt} andγ(t) = fT (t) exp{ψ(λ) − λt}, for everyt, for some
λ > 0, wherefT is the probability density corresponding toρ1 andψ(λ) is the Laplace
exponent offT . Since it is well-known that only RDPMs whose ranked atoms follow a
basicPK model admit corresponding equivalent construction in terms of normalization
of completely random measures, an easy consequence of Pitman’s results is that: a)in the
class of mixed PK models, only those obtained by exponential tilting share this property.

Now recall that sampling from a RDPM induces an exchangeable random partition
Π of the positive integersN , i.e. for each restrictionΠn = {A1, . . . , Ak} of Π to
[n] = {1, . . . , n}, and for eachn, Pr(Πn = {A1, . . . , Ak}) = p(n1, . . . , nk), where
nj = |Aj| ≥ 1 and

∑k
j=1 nj = n, for some non-negative symmetric functionp of fi-

nite sequences of positive integers called theexchangeable partition probability function
(EPPF) determined byΠ. By construction (see Hansen and Pitman, 2000) both basic and
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mixed PK models all induce exchangeable sequences(Xn) characterized by prediction
rules of the form

Pr(Xn+1 ∈ ·|X1, . . . , Xn) =
kn∑
j=1

pj,nδX∗
j
(·) + qnH(·) (1)

whereX∗
j , for 1 ≤ j ≤ kn are distinct values, in order of appearance, in(X1, . . . , Xn),

H(·) is a non atomic probability measure,pj,n = p(nj+)/p(n) andqn = p(nk+1)/p(n),
wherep(nj+) := p(n1, . . . , nj + 1, . . . , nk) andp(nk+1) := p(n1, . . . , nk, 1). This im-
plies that exchangeable sequences driven by PK models are completely identified by cor-
responding EPPFs. A particularly tractable case of (1) arises when the EPPF is ofGibbs
form i.e.

p(n1, . . . , nk) = Vn,k

k∏
j=1

Wj

for some nonnegative weightsW = (Wj) andV = (Vn,k), for all 1 ≤ k ≤ n and
all compositions(n1, . . . , nk) of n. In a recent paper Gnedin and Pitman (2005) pro-
vide a detailed analysis of this case, and show that, to be(Πn) consistent asn varies,
the weightsW must be of the formWnj

= (1 − α)nj−1↑, depending on a single param-
eterα ∈ (−∞, 1), and the weightsV must be the solution to the backward recursion
Vn,k = (n − αk)Vn+1,k + Vn+1,k+1 with V1,1 = 1. In particular, forα ∈ (0, 1), they
identify the extreme points of the infinite dimensional simplex of the possible weights
Vn,k, as the extreme partitions generated byPK(ρα|t) models, witht ∈ [0,∞), for ρα

the Lévy density of theα–stable subordinator. In other words they establish that: b)for
α ∈ (0, 1), exchangeable partitions in Gibbs form characterize mixed Poisson-Kingman
models derived from theα-stable subordinator.

Combining statements a) and b) it follows that, in the familiy of RDPMs obtained
by normalization of completely random measures, only those whose ranked atoms follow
exponentially tiltedPK distributions derived by theα-stable subordinator forα ∈ [0, 1),
induce exchangeable sequences with predictive distributions in Gibbs form. The explicit
form of the EPPF for this class has been derived in Cerquetti (2006) exploiting results in
Pitman (2003). The predictive distributions turn out to be of the form (1) for

pj,n(n) =
2

n

ηn+1,k

ηn,k

(nj − α) and qn(n) =
2

n

ηn+1,k+1

ηn,k

αδ (2)

whereηn,k =
∫∞
0 λn−1 e−δ(γ

1
α +2λ)α

(γ
1
α +2λ)n−kα

dλ, andδ is the scale parameter of the stable distribu-

tion. Notice that, forα = 0, the well-known Blackwell-MacQueen scheme is recovered.
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